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1 Riemann
$\Sigma_{g,1}$ Johnson Sp$(2g, \mathbb{Q})-$
Aut $(F_{2g})$ Johnson
detect $[1^{k}]$Sp $(2\leq k\equiv 1(mod 4))$ Sp-
1
[ES2] ( [ESl] )
[ESl],[ES2]
1.
1 $g$ Riemann $\Sigma_{g,1}$
$\pi_{1}(\Sigma_{g,1}, *)$ $2g$ $F_{2g}$ $x_{1},$ $\ldots,$ $x_{2g}$
$H_{1}(\Sigma_{g,1}, Z)$ $F_{2g}$ $F_{2g}^{ab}$ $e_{i}:=[x_{i}]$
$\{e_{1}, \ldots, e_{g}, e_{g+1}, \ldots, e_{2g}\}$ $H:=H_{1}(\Sigma_{g,1;}Z)=F_{2g}^{ab}$
$M_{g,1}$
isotopy $M_{g,1}$ $\varphi$ : $M_{g,1}arrow$ Aut $(F_{2g})$
$*$ enomoto@math.kyoto-u.ac.jp




$\mu$ :Aut $(F_{2g})arrow$ Aut $(H)=GL(2g_{-}.Z)$
Nielsen $Ker\mu$ IA2$g$
IA- $H=F_{2g}^{ab}$ Aut $(F_{2g})$
$M_{g,1}$ $H=H_{1}(\Sigma_{g,1}, \mathbb{Z})$
$\mu_{M}:M_{g,1}arrow$ Aut$(H)$ Sp $(2g_{\mathfrak{i}}Z)$ $Ker\mu_{M}$
$Torelli_{g,1}$ Torelli $H$ $M_{g,1}$


















2.1(Magnus, Witt, Hall). $\mathcal{L}_{n}(k)$ $\mathcal{L}_{n}$ $\mathcal{L}_{n}(1)=H$
Lie Lie
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2.2. Aut $(F_{n})$ Andreadakis filtration
$\Gamma_{n}(k)$ $F_{n}$
$N_{n,k}:=F_{n}/\Gamma_{n}(k+1)$
Aut $(F_{n})$ $N_{n,k}$ $n$ $k$
$N_{n,1}=F_{n}/\Gamma_{n}(2)=F_{n}/[F_{n}, F_{n}]=F_{n}^{ab}=H$
Aut $(F_{n})$
$(k):=Ker$ (Aut $(F_{n})arrow$ Aut $(N_{n,k})$ )
Aut $(F_{n})$ Aut $(F_{n})\supset A_{\eta}(1)\supset$ (2) $\supset\cdots$
Aut $(F_{n})$ Andreadakis filtration (1) $N_{n,1}$ $H$
$IA_{n}$
2.2 (Andreadakis 1965).
(1) $\phi\in \mathcal{A}_{m}(k)$ , x $\in$ Fn( $\phi(x)x^{-1}\in\Gamma_{n}(k+\ell)$ . $\phi\in IA_{n},$ $x\in\Gamma_{n}(\ell)$
$\phi(x)x^{-1}\in\Gamma_{n}(\ell+1)$ .
(2) $[\mathcal{A}_{n}(k), \mathcal{A}_{m}(P)]\subset A_{m}(k+\ell)$ . $[A(k), IA_{n}]\subset \mathcal{A}_{n}(k+1)$ $IA_{n}=A_{m}(1)\supset$
(2) $\supset\cdots$ $IA_{n}$





$\tau_{k}$ : $\mathcal{A}_{n}(k)\ni\phi\mapsto[x\Gamma_{n}(2)\mapsto\phi(x)x^{-1}\Gamma_{n}(k+2)]\in Hom_{Z}(H, \mathcal{L}_{n}(k+1))$
$H=\Gamma_{n}(1)/\Gamma_{n}(2),$ $\mathcal{L}_{n}(k+1)=\Gamma_{n}(k+1)/\Gamma_{n}(k+2)$
$\phi\in \mathcal{A}_{m}(k+1)\Leftrightarrow\phi(x)x^{-1}\in\Gamma_{n}(k+2)(\forall x\in F_{n})$
2.3. $Ker\tau_{k}=$ $(k+1)$ .
$\tau_{k}$ : gr$k\mathcal{A}_{n}=\mathcal{A}_{m}(k)/A_{m}(k+1)\mapsto Hom_{Z}(H, \mathcal{L}_{n}(k+1))$
$IA_{n}$ $k$ Johnson $H^{*}\otimes_{Z}\mathcal{L}_{n}(k+1)=$







$\mathcal{A}_{n}’(1):=$ IA$n,$ $\mathcal{A}_{n}’(k)=[\mathcal{A}_{n}’(k-1), IA_{n}](k\geq 2)$ $IA_{n}$
$\mathcal{A}_{n}’(k)$ $(k)$
$\tau_{k}$
$\tau_{k}’$ : gr $k\mathcal{A}_{n}’arrow Hom_{Z}(H, \mathcal{L}_{n}(k+1))$
$\oplus_{k\geq 1}\tau_{k}$ Lie
$\mathcal{A}_{n}(k)=A_{m}’(k)(k\geq 1)$ (Andreadakis )
${\rm Im}\tau_{k}={\rm Im}\tau_{k}’$ $\otimes_{Z}\mathbb{Q}$ ${\rm Im}\tau_{k,\mathbb{Q}}={\rm Im}\tau_{k,\mathbb{Q}}’$
3. Torelli Johnson
$\varphi$ : $M_{g,1}\mapsto$ Aut $(F_{2g})$ $\mathcal{M}_{g,1}(k):=M_{g,1}\cap \mathcal{A}_{2g}(k)$
IA $Torelli_{g,1}$ $\tau_{k}$
$\tau_{k}^{\mathcal{M}}$ : gr$k\mathcal{M}_{g,1}\mapsto Hom_{Z}(H. \mathcal{L}_{n}(k+1))$
$Torelli_{g,1}$ $k$ Johnson $\oplus_{k\geq 1}\tau_{k}^{\mathcal{M}}$
Lie
IA $Torelli_{g,1}$ $\mathcal{M}_{g,1}’(1):=$
Torelli91, $\mathcal{M}_{g,1}’(k)$ $:=[\mathcal{M}_{g,1}’(k-1), Torelli_{g,1}](k\geq 2)$ $\tau$
$\tau_{k}^{\prime \mathcal{M}}$ : gr$k\mathcal{M}’arrow Hom_{Z}(H, \mathcal{L}_{n}(k+1))$
IA $Torelli_{g,1}$ $\mathcal{M}_{g,1}(k)\neq \mathcal{M}_{g,1}’(k)$
$\otimes_{Z}\mathbb{Q}$ $\tau$ $\tau$
3.1 (Hain 1997).
(1) $\oplus_{k\geq 1}{\rm Im}\tau_{k,\mathbb{Q}}^{\mathcal{M}}$ ${\rm Im}$ $\tau$ Lie
(2) ${\rm Im}\tau_{k,\mathbb{Q}}^{\mathcal{M}}={\rm Im}\tau_{k,\mathbb{Q}}^{\prime \mathcal{M}}(k\geq 1)$.
4. GL Sp-
IA Johnson $Torelli_{g,1}$ Johnson GL, Sp
GL, Sp
$\Gamma_{n}(k)$ Aut $(F_{n})$
$\mathcal{L}_{n}(k)=\Gamma_{n}(k)/\Gamma_{n}(k+1)$ Andreadakis 2.2(1) $\phi\in$
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$IA_{n},$ $x\in\Gamma_{n}(\ell)$ $\phi(x)\Gamma_{n}(\ell+1)=x\Gamma_{n}(\ell+1)$ Aut $(F_{n})$ $\mathcal{L}_{n}(k)$
$IA_{n}$ $\mathcal{L}_{n}(k)$ Aut $(F_{n})/IA_{n}$
GL$(n, Z)$
$\mathcal{A}_{n}(k)$ Aut $(F_{n})$ Aut $(F_{n})$ Aut $(F_{n})$
gt $\mathcal{A}_{n}$ Andreadakis 22(2) $[\mathcal{A}_{m}(k), IA_{n}]\subset$
$\mathcal{A}_{m}(k+1)$ $\phi\in \mathcal{A}_{m}(k),$ $\psi\in$ IA$n$ $\psi\phi\psi^{-1}\mathcal{A}_{n}(k+1)=\phi \mathcal{A}_{n}(k+1)$
Aut $(F_{n})$ $gr^{k}\mathcal{A}_{n}$ $IA_{n}$
$gr^{k}$ GL$(n, Z)$
$gr^{k}$ $Hom_{Z}(H, \mathcal{L}_{n}k+1)$ GL$(n, \mathbb{Z})$
4.1. $IA_{n}$ Johnson $\tau_{k},$ $\tau_{k}’$ GL$(n, \mathbb{Z})$-





Torelii Johnson ${\rm Im}\tau_{k,\mathbb{Q}}^{\Lambda t}={\rm Im}\tau_{k,\mathbb{Q}}^{\prime \mathcal{M}}$ ( 3. 1), $H_{\mathbb{Q}}^{*}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)$
Sp $(2g, \mathbb{Q})$- $H_{\mathbb{Q}}^{*}\cong H_{\mathbb{Q}}$ v ${\rm Im}\tau_{k,\mathbb{Q}}^{\mathcal{M}}=$
${\rm Im}\tau_{k,\mathbb{Q}}^{\prime \mathcal{M}}\mapsto H_{\mathbb{Q}}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)$
${\rm Im}\tau_{k,\mathbb{Q}}^{\mathcal{M}}={\rm Im}\tau_{k}’$ $H_{\mathbb{Q}}^{\otimes}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)$
(1993). Lie bracket $\pi_{k}:H_{\mathbb{Q}}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)\ni X\otimes Y\mapsto$
$[X, Y]\mathcal{L}_{2g}^{\mathbb{Q}}(k+2)$ g$\mathbb{Q}$,l $(k)$
${\rm Im}\tau_{k,\mathbb{Q}}^{\lambda 4}={\rm Im}\tau_{k,\mathbb{Q}}^{\prime\Lambda t}\mapsto \text{ _{}g,1}^{\mathbb{Q}}(k):=Ker\pi_{k}arrow H_{\mathbb{Q}}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)arrow \mathcal{L}_{2g}^{\mathbb{Q}}(k+2)\pi_{k}$
Coker$\mathcal{M}k:=\text{ _{}g,1}^{\mathbb{Q}}(k)$ $M_{g,1}$ Torelli $k$ Johnson
Johnson ${\rm Im}\tau_{k}^{\mathcal{M}}$ Johnson Sp-
5.1 ( 1993 (- )). $k$ 3 Sp $[k]_{Sp}$
1 $Coker_{k}^{\mathcal{M}}$ Johnson
$[k]$ Sp 1 $Coker_{k}^{\Lambda t}$ $\text{ _{}g,1}^{\mathbb{Q}}(k)$
$[k]$ Sp 1 1
- $1\leq k\leq 14$ 1 $(k)$ Sp
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Aut $(F_{n})$ $IA_{n}$ Johnson
${\rm Im}\tau_{k,\mathbb{Q}}’\mapsto H_{\mathbb{Q}}^{*}\otimes \mathcal{L}_{n}^{\mathbb{Q}}(k+1)$ Coker$k:=H_{\mathbb{Q}}^{*}\otimes \mathcal{L}_{n}^{\mathbb{Q}}(k+1)/{\rm Im}\tau_{k,\mathbb{Q}}^{l}$
2000 GL- $(k)_{GL}\in Coker_{k}(k\geq 2)$
($n\gg k$ stable range ) Coker$k$
$H^{\otimes k}$ $k$ $\mathfrak{S}_{k}$ $k$
$Cyc_{k}$
$C_{n}^{\mathbb{Q}}(k):=H_{\mathbb{Q}}^{\otimes k}/\langle v_{1}\otimes v_{2}\otimes\cdots\otimes v_{k}-v_{k}\otimes v_{1}\otimes\cdots\otimes v_{k-1}(v_{i}\in H_{\mathbb{Q}})\rangle$
(2006). $H_{\mathbb{Q}}^{*}\otimes \mathcal{L}_{n}^{\mathbb{Q}}(k+1)$ 1 2 contraction $C_{n}^{\mathbb{Q}}(k)$
$\pi$ : $H_{\mathbb{Q}}^{\otimes k}arrow C_{n}^{\mathbb{Q}}(k)$ $\pi({\rm Im}\tau_{k,\mathbb{Q}}^{l})=0$
$Coker_{k}arrow C_{n}^{\mathbb{Q}}(k)$ 2 GL- $(1^{k})_{GL}(k$ 3
) $($ 2, $1^{k})$ ( $k$ 2 ) $C_{n}^{\mathbb{Q}}(k)$
2009 $C_{n}^{\mathbb{Q}}(k)$







$\mathfrak{S}_{k}$ $k$ $k$ $k$ $Cyc_{k}$
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6.1 ( - [ESl]). $n\geq k+2$ $C_{n}^{\mathbb{Q}}(k)$ $\lambda$ GL
$L_{GL}^{\lambda}$ $[C_{n}^{\mathbb{Q}}(k):L_{GL}^{\lambda}]$ $\lambda$ $\mathfrak{S}_{k}$- $S^{\lambda}$ Cyc$k$
v $Cyc_{k}$ triv$k$ [${\rm Res}_{c_{yc_{k}}^{k}}^{\mathfrak{S}}S^{\lambda}$ :triv$k$ ]
$IA_{n}$ $(k)_{GL}$ 1
$(1^{k})$ ( $k$ 3 ), $($ 2, $1^{k-2})$ ( $k$ 2 )
1 $1\leq k\leq 7$ $C_{n}^{\mathbb{Q}}(k)$ GL
6.2. $Coker_{k}^{\mathcal{M}}$ Sp
Torelli Johnson Coker$\mathcal{M}k$ Sp
Sp
6.2 ( - [ES2]). $g\geq k+2$ $2\leq k\equiv 1(mod 4)$ Sp $[1^{k}]$ Sp
$Coker_{k}^{\mathcal{M}}$ 1
$IA$2$g$ Johnson $Torelli_{g,1}$ Johnson
Sp
${\rm Im}\tau_{k,Q}’-H_{Q}^{*}\otimes_{Q}\mathcal{L}$




1 2 contraction $C_{2g}^{\mathbb{Q}}(k)$
$Sp(2g, \mathbb{Q})$- $c_{k}$ : $\text{ _{}g,1}^{\mathbb{Q}}(k)arrow C_{2g}^{\mathbb{Q}}(k)$
2
(i) $[1^{k}]$Sp $\text{ _{}g,1}^{Q}(k)$ 1
(ii) $c_{k}$ ( $[1^{k}]$ Sp) $\neq 0$
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(i) $\mathcal{L}_{n}^{\mathbb{Q}}(k)$ GL- (GL, Sp)-
(ii) $[1^{k}]$ Sp $c_{k}$
2 $c_{k}({\rm Im}\tau_{k,\mathbb{Q}}^{\mathcal{M}})=0$
Remark 6.3. 1996 - 9$\mathbb{Q}$,1 $(k)(1\leq$
$k\leq 14)$ Sp- $[1^{4m+1}]_{Sp}(m=1,2,3)$ $\text{ _{}g,1}^{\mathbb{Q}}(k)(k=$
$5,9,13)$ 1 Johnson
7. Discussions - $Kerc_{k}-$
$Torelli_{g,1}$ Johnson $Coker_{k}^{\mathcal{M}}$ $Kerc_{k}$ IA2$g$
Johnson detect
${\rm Im}\tau_{k,\mathbb{Q}}^{\Lambda t}\subset Kerc_{k}\subset \text{ _{}g,1}^{\mathbb{Q}}(k)$
$\text{ _{}g,1}^{\mathbb{Q}}(k)/Kerc_{k}$ $[1^{k}]_{Sp}(2 lek\equiv 1(mod 4))$ 1





5 Sp- $[0]$ Sp 3 $Coker_{k}^{\lambda 4}$ $C_{2g}^{\mathbb{Q}}(6)$
GL-Sp $\text{ _{}g,1}^{\mathbb{Q}}(k)/Kerc_{k}$ 2 Sp-
$k=6$ ${\rm Im}\tau_{6,\mathbb{Q}}^{\Lambda t}\neq Kerc_{6}$
Johnson $\text{ _{}g,1}^{\mathbb{Q}}$ Lie
$\text{ _{}g,1}^{\mathbb{Q}}=\oplus_{g,1}^{\mathbb{Q}}(k)$ Der $(\mathcal{L}_{2g})$ Lie
$[\mathfrak{h}_{9,1},$ $9,1]$ $k$ Ke$r^{}$ $(k)$
$Kerc_{k}$
$\nwarrow$
${\rm Im}\tau_{k,\mathbb{Q}}^{\Lambda 4}$ $\text{ _{}g,1}^{\mathbb{Q}}(k)$
$\nwarrow_{Ker^{ab}(}\swarrow^{k)}$
$\text{ _{}g,1}^{\mathbb{Q}}(k)/Ker^{ab}(k)$ $[k]$ Sp( $k$ )
Conant-Kassabov-Vogtmann [CKV] $k$
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71. $\text{ _{}g,1}^{\mathbb{Q}}(k)/Kerc_{k}$ Sp-
72. $Kerc_{k}$
(i) $[1^{k}](k\equiv 2(mod 4))$ 1 ( ) 1 $Kerc_{k}$
Johnson ? $mod 4$ ?
(ii) $Kerc_{k}$ $Kerc_{k}$ ?
(iii) $Kerc_{k}$ Sp $\text{ _{}g,1}^{\mathbb{Q}}$
? Conant-Kassabov-Vogtmann $Kerc_{k}$
73. Lie
(i) $\oplus_{k\geq 1}{\rm Im}$ $\tau$ 1 ${\rm Im}\tau_{1,\mathbb{Q}}^{\mathcal{M}}=[1^{3}]$Sp $\oplus[1]$Sp Lie
Lie
(ii) g,l $=\oplus_{k>1}\text{ _{}g,1}^{\mathbb{Q}}$ ( ) $\oplus_{9\geq 1}\text{ _{}g,1}^{\mathbb{Q}}(k)$ , $\oplus_{9\geq 1}\text{ _{}g,1}^{\mathbb{Q}}$ (
) ?
7.4. $\Sigma_{g,r}$ Johnson ? $(\text{ _{}g,1}^{\mathbb{Q}}(k)$
$Sp(2g, \mathbb{Q})\cross \mathfrak{S}_{r}$- - - )




$k$ $k$ $Cyc_{k}$ $\sigma_{k}$
1 $k$- $\zeta_{k}$ Cyc$k$ 1 $\chi_{k}$ :Cyc$karrow \mathbb{C}^{x};\sigma_{k}arrow\zeta_{k}$
Lie GL- $\mathfrak{S}_{k}$ ( 6.1
$C_{n}^{\mathbb{Q}}(k)$ )
8.1 (Klyachko 1970). $[\mathcal{L}_{2g}^{\mathbb{Q}}(k) :(\lambda)_{GL}]=[{\rm Res}_{Cyc_{k}}^{\mathfrak{S}_{k}}S^{\lambda} :\chi_{k}]$ .
Young Young $\lambda$
$\lambda$ Stab $(\lambda)$ $\lambda$ $T$ major
index maj $(T)$ $T$ $i+1$








8.3 ( - ). $[\text{ _{}g,1}^{\mathbb{Q}}(k):[k]Sp]=\delta_{k,odd}$ , $[\text{ _{}g,1}^{\mathbb{Q}}(k):[1^{k}]Sp]=\delta_{k\equiv 1,2(mod 4)}$ .
8.2. Dynkin-Specht-Wever
Lie $\mathfrak{S}_{k}$
$s_{1},$ $s_{2},$ $\ldots,$ $s_{k-1}$
$\mathbb{Q}\mathfrak{S}_{k}$ $\theta_{k}:=(1-s_{1})(1-s_{2}s_{1})\cdots(1-$
$s_{k-1}\cdots s_{2}s_{1})$ $H_{\mathbb{Q}}^{\otimes k}$ $\mathbb{Q}\mathfrak{S}_{k}$ ( )
8.4 (Dynkin-Specht-Wever).
(1) $\theta_{k}^{2}=k\theta_{k}$ .
(2) $v_{1},$ $\ldots,$ $v_{n}\in H_{\mathbb{Q}}$ $(v_{1}\otimes\cdots\otimes v_{k})\cdot\theta_{k}=[\cdots[[v_{1}, v_{2}], v_{3}], \ldots, v_{k}]\in \mathcal{L}_{2g}^{\mathbb{Q}}(k)$.
$H_{\mathbb{Q}}^{\otimes k}arrow \mathcal{L}_{2g}^{\mathbb{Q}}(k)\theta_{k}$
(3) $v\in H_{\mathbb{Q}}^{\otimes k}$ $v\in \mathcal{L}_{2g}^{\mathbb{Q}}(k)\Leftrightarrow v\cdot\theta_{k}=kv$ .
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$\text{ _{}g,1}^{\mathbb{Q}}(k)$ $\mathfrak{S}_{k+2}$ $k+2$
$\sigma_{k+2}$ $\mathbb{Q}6_{k+2}$ $\sigma=1+\sigma_{k+2}+\cdots+\sigma_{k+2}^{k+1}$ $\theta=$
$(1-s_{2})(1-s_{3}s_{2})\cdots(1-s_{k+1}s_{k}\cdots s_{3}s_{2})$
85( - ).
(1) $v\in H_{\mathbb{Q}}^{\otimes k+2}$ $v\in H_{\mathbb{Q}}\otimes \mathcal{L}_{2g}^{\mathbb{Q}}(k+1)\Leftrightarrow v\cdot\theta=(k+1)\theta$.
(2) $v\in H_{\mathbb{Q}}^{\otimes k+2}$ $v\in \text{ _{}g,1}^{\mathbb{Q}}(k)\Leftrightarrow v\cdot\theta=(k+1)\theta$ $v\sigma_{k+2}=v$ .
(3) $H_{\mathbb{Q}}^{\otimes k+2}$ $\theta\cdot\sigma\cdot\theta=(k+1)\theta\cdot\sigma$ .
(4) $\tau)\in H_{\mathbb{Q}}^{\otimes k+2}$ $\lambda$ $Sp$ $\tau;\cdot\theta\cdot\sigma\neq 0$ $\tau$ ) $\cdot\theta\cdot\sigma$
$\text{ _{}g,1}^{\mathbb{Q}}(k)$ $\lambda$ SP
8.3. Brauer-Schur-Weyl




Young $\lambda$ $\lambda_{1}’,$ $\lambda_{2}’,$ $\ldots$
8.6 (Brauer-Schur-Weyl ). $g\geq k$ $\lambda$ $k-2j(0 \leq j\leq L\frac{k}{2}\rfloor)$





83 $\text{ _{}g,1}^{\mathbb{Q}}(k)$ 1
(1) $k$ $v_{(k)}\cdot\theta\cdot\sigma\neq 0$.
87.
:1 $(k)$ $(k)$




(1) $k$ $c_{k}(v_{(k)}\cdot\theta\cdot\sigma)\neq 0$.
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